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In Kessler (Appl. Comput. Harmonic Anal. 9 (2000), 146–165), a construction was

given for a class of orthogonal compactly supported scaling vectors on R2; called
short scaling vectors, and their associated multiwavelets. The span of the translates of

the scaling functions along a triangular lattice includes continuous piecewise linear

functions on the lattice, although the scaling functions are fractal interpolation

functions and possibly nondifferentiable. In this paper, a similar construction will be

used to create biorthogonal scaling vectors and their associated multiwavelets. The

additional freedom will allow for one of the dual spaces to consist entirely of the

continuous piecewise linear functions on a uniform subdivision of the original

triangular lattice. # 2002 Elsevier Science (USA)
1. INTRODUCTION

Much research has been done in the construction of orthogonal
multiresolution analyses of L2ðRÞ (see [5, 10, 11]) and the associated
multiwavelets (see [5, 8, 18]). All of the multiwavelet constructions have
involved the completion of a matrix satisfying certain conditions. A class of
nonseparable, orthogonal dilation-3 scaling functions defined on uniform
triangulations of R2 were constructed in [6, 9]. (See [2,13] for nonrelated
constructions on R2.) Multiwavelets for this specific example were found in
[7]. In [15], the author generalized the construction of the orthogonal scaling
vectors and provided a construction of the associated multiwavelets. This
paper generalizes those results to construct a class of biorthogonal scaling
vectors and the associated multiwavelets. The construction of the multi-
wavelets is analogous to the construction of multiwavelets for short scaling
vectors introduced in [15].

1.1. Orthogonal Scaling Vectors and Multiwavelets

Let e1 and e2 be linearly independent vectors in R2 and let e0 :¼ ð0; 0Þ: For
each x 2 R2; there exist constants a and b such that x ¼ ae1 þ be2: Then
229
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define the metric jxje by

jxje ¼
jaþ bj if both a; b have the same sign;

maxfjaj; jbjg otherwise:

(

Let T be the 3-directional mesh with directions e1; e2; and e2 	 e1: Define
D0 2 T to be the triangular region with vertices e0; e1; and e2; and r0 2 T
to be the triangular region with vertices e1; e2; and e1 þ e2: Define the
translation function ti;jðxÞ :¼ x	 ie1 	 je2 and the dilation function
di;jðxÞ :¼ Nx	 ie1 	 je2 for some fixed integer dilation N > 1: Define the
affine reflection function r :r0 ! D0 that maps the vertices e1; e2; and e1 þ
e2 to vertices e2; e0; and e1; respectively. The notation $ff :¼ f 8 r is used for
any f supported in D0:

Definition. A multiresolution analysis (MRA) of L2ðR2Þ of multiplicity
r is a set of closed linear subspaces such that

1. . . . � V	2 � V	1 � V0 � V1 � V2 � . . . :
2.
T

n2Z Vn ¼ f0g:

3.
S

n2Z Vn ¼ L2ðR2Þ:
4. f 2 Vn , f ðN	n�Þ 2 V0; n 2 Z:
5. There exists a set of functions ff1;f2; . . . ;frg such that ffk

8 ti : k ¼
1; . . . ; r; i 2 Z2g forms a Riesz basis of V0:

The r-vector F :¼ ðf1;f2; . . . ;frÞT is referred to as a scaling vector and the
individual fk as scaling functions.

Conditions 1, 4, and 5 imply that a scaling vector F with compactly
supported fk satisfies the dilation equation

FðxÞ ¼ N
X
i2Z2

giF 8 di ð1:1Þ

for a finite number of r � r scalar matrices gi:

Definition. A vector F of r linearly independent functions on R2 is
refinable at dilation N if it satisfies (1.1) for some sequence of r � r scalar
matrices ci:

A simple example of a MRA of L2ðR2Þ over the mesh T is constructed by
defining the ‘‘hat’’ function h by

hðxÞ :¼
1	 jxje for jxje51;

0 otherwise;

(
ð1:2Þ
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and letting F ¼ fhg: Using the notation

SðH Þ :¼ closL2 span ff 8 ti : i 2 Z2; f 2 Hg for H � L2ðR2Þ;

then define V0 :¼ SðFÞ: It is easily verified that the scaling vector is refinable
for any integer dilation N > 1; and that ðVpÞ is a MRA, where
Vp :¼ SðFðNp�ÞÞ:

For function vectors G and L with elements in L2ðR2Þ; define

hG;Li ¼
Z
R2

GðxÞLðxÞT dx:

Definition. If hF;F 8 ti;ji ¼ d0;id0;jI ; then we say that F is an
orthogonal scaling vector. If the fk are compactly supported, then the
multiresolution analysis generated by F is said to be orthogonal.

Define Wn to be the orthogonal complement of Vn in Vnþ1; so that

Vnþ1 ¼ Vn � Wn for n 2 Z:

The Wn; referred to as wavelet spaces, are necessarily pairwise orthogonal
and are spanned by the orthogonal dilations and translations of a set of
functions fc1;c2; . . . ;ctg; referred to as wavelets, that satisfy the equation

CðxÞ ¼ N
X
i2Z2

hiF 8 di ð1:3Þ

for some hi; where C is the t-vector ðc1;c2; . . . ;ctÞT :

Definition. A pair of n-dimensional function vectors F and *FF are said
to be biorthogonal if

hF; *FF 8 ti;ji ¼ d0;id0;jI ; i; j 2 Z:

A necessary and sufficient condition for the construction of biorthogonal
vectors was given in [12], and will be stated here without proof.

Lemma 1.1 Suppose U and W are m-dimensional subspaces of Rn: There

exist dual (biorthogonal) bases for U and W if and only if U \ W ? ¼ f0g:

If the criteria of Lemma 1.1 are met, then the Gram–Schmidt
orthogonalization process can be modified to extract biorthogonal sets
from bases for U and W :
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1.2. Short Scaling Vectors

Throughout the paper, PK denotes the orthogonal projection onto a
subspace K of L2ðR2Þ: If C is a compact set of R2 and U is a space of
functions on R2; then define

U ðCÞ :¼ ff 2 U : suppðf Þ � Cg:

Definition. Suppose %FF ¼ ðf1; . . . ;fsÞT is refinable. If w ¼ ðw1; . . . ;wtÞT

is such that F ¼ ðw1; . . . ;wt;f1; . . . ;fsÞT is refinable, then w is said to
extend %FF:

The construction of short scaling vectors is given in [15], and is a
generalization of a construction in [6]. Recall the nonorthogonal scaling
vector generated by the ‘‘hat’’ function h defined in (1.2). Define hi :¼
hðx	 eiÞjD0

; i ¼ 0; 1; 2:

Definition. Suppose there is a subspace W of C0ðR2Þ with an
orthogonal basis fw1; . . . ;wtg such that

1. B :¼ fw1; . . . ;wt; $ww1; . . . ; $wwtg extends fhg;
2. suppðwiÞ � D0; i ¼ 1; . . . ; t;
3. ðI 	 PWÞhi ? ðI 	 PWÞhj; i=j; i; j 2 f0; 1; 2g:

Then

F :¼ fw1; . . . ;wt; $ww1; . . . ; $wwt; ðI 	 PSðBÞÞhg
T

is called a short scaling vector, and generates a MRA ðVpÞ of multiplicity
q :¼ 2t þ 1 such that V0 still includes continuous piecewise linear functions
on T:

A dilation-3 example with W ¼ fwg is given in [15] and is illustrated in
Fig. 1. The scaling functions are fractal interpolation surfaces that are
nondifferentiable and have a nonintegral box dimension greater than
2. (A full introduction to fractal interpolation surfaces can be found in
[9, 17].)

2. MAIN RESULTS

Suppose that X and Y are spaces spanned by biorthogonal function
vectors. Then define the projection operator PY

X such that ker PY
X ¼ Y ?

and range PY
X ¼ X : If X :¼ SðX Þ and Y :¼ SðY Þ are finite shift invariant



FIG. 1. Approximations to scaling functions from a dilation-3 short scaling vector.
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spaces, then

PY
X f :¼

X
j2Z2

Xn
i¼1

hf ; yi
8 tji

hxi; yii
xi 8 tj;

where xi 2 X and yi 2 Y :
Define h; h0; h1; and h2 as in Section 1.2. Then we have the following

result.

Theorem 2.1. Suppose there are function vectors B :¼ fw1; . . . ;wtg and
*BB :¼ f *ww1; . . . ; *wwtg in C0ðR2Þ such that

1. B and *BB are biorthogonal,
2. fw1; . . . ;wt; $ww1; . . . ; $wwtg and f *ww1; . . . ; *wwt; $*ww*ww

1
; . . . ; $*ww*ww

t
g each extend fhg;

3. suppðwiÞ; suppð *wwiÞ � D0; i ¼ 1; . . . ; t; and

4. ðI 	 P *WW
W Þhi ? ðI 	 PW

*WW
Þhj; i=j; i; j 2 f0; 1; 2g; where W ¼ SðBÞ and

*WW ¼ Sð *BBÞ:

Then there exist biorthogonal scaling vectors F and *FF of length q :¼ 2t þ 1
such that V0 :¼ SðFÞ and *VV0 :¼ Sð *FFÞ each contain continuous piecewise linear

functions on the mesh T:
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Proof. The main issue is finding compactly supported functions fi and
*ffj that satisfy the biorthogonality conditions hfi; *ffji ¼ di;j: Define the
following:

fi :¼ wi for i ¼ 1; . . . ; t; *ffi :¼ *wwi for i ¼ 1; . . . ; t;

ftþi :¼ $wi for i ¼ 1; . . . ; t and *fftþi :¼ $*ww*wwi for i ¼ 1; . . . ; t;

fq :¼
1

a
ðI 	 P

*WW
W Þh; *ffq :¼

1

b
ðI 	 PW

*WW
Þh;

where a; b are constants such that ab :¼ hðI 	 P *WW
W Þh; ðI 	 PW

*WW
Þhi: Let

F :¼ ðf1; . . . ;fqÞT and *FF :¼ ð *ff1; . . . ; *ffqÞT : Then set Vp :¼ SðFðNp�ÞÞ and
*VVp :¼ Sð *FFðNp�ÞÞ:
Condition (1) guarantees that

hfi; *ffji ¼ di;j for i; j ¼ 1; . . . ; t and

hfi; *ffji ¼ di;j for i; j ¼ t þ 1; . . . ; 2t:

Condition (3) guarantees that

hfi; *ffji ¼ 0 for i ¼ 1; . . . ; t; j ¼ t þ 1; . . . ; 2t and

hfi; *ffji ¼ 0 for i ¼ t þ 1; . . . ; 2t; j ¼ 1; . . . ; t:

Condition (4) establishes the remaining orthogonality conditions:

hfq; *ffii ¼ 0 for i ¼ 1; . . . ; 2t and

hfi; *ffqi ¼ 0 for i ¼ 1; . . . ; 2t:

Condition (2) guarantees that both F and *FF are refinable, and that Vn �
Vnþ1 and *VVn � *VVnþ1: The requirements that

T
j2Z Vj ¼ 0;

T
j2Z

*VVj ¼ 0;S
j2Z Vj ¼ L2ðRÞ; and

S
j2Z

*VVj ¼ L2ðRÞ; and that the translates of F and *FF
form Reisz bases, are trivially met by compactly supported scaling vectors.

Therefore, both ðVpÞ and ð *VVpÞ are MRAs. ]

While the restrictions on the spaces B and *BB are extensive, such spaces do
exist. An example is provided in Section 3. It is important to note that, as
with the short scaling vectors, the scaling functions and associated
multiwavelets in these constructions may be nondifferentiable FIS.
However, by relaxing the need for orthogonality, it is possible to construct
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a ‘‘smoother’’ basis that can be used in the reconstruction phase of
applications.

Section 4 will give a detailed definition of the wavelet spaces Wf ; *WWf ;
Wg; *WWg; Wh; and *WWh: Wf and *WWf will have generators supported on
triangles, Wg and *WWg will have generators supported on parallelograms, and
Wh and *WW h will have generators supported on hexagons. The main theorem
on the construction of the qðN2 	 1Þ wavelets (see [14]) will be stated and
proven in that section.

3. A CONSTRUCTION OF BIORTHOGONAL SCALING VECTORS

Set vectors e1 :¼ ð1; 0Þ and e2 :¼ ð1=2;
ffiffiffi
3

p
=2Þ; so that T is a 3-directional

mesh of equilateral triangles. Let h be the generalized hat function defined in
(1.2) and fix N ¼ 3: In order to construct a scaling vector F that satisfies
Theorem 2.1, let w and u be continuous functions with (nonempty) support
in D0 and let $ww :¼ w 8 r and $uu :¼ u 8 r: Let G ¼ fð0; 0Þ; ð1; 0Þ; ð2; 0Þ; ð0; 1Þ;
ð1; 1Þ; ð0; 2Þg and let $GG ¼ fð0; 0Þ; ð1; 0Þ; ð0; 1Þg: With condition 2 of Theorem
2.1 in mind, we require that w and u satisfy the following dilation equations
for some a;b; si; $ssi; qi; $qqi:

w ¼ ah 8 d1;1 þ
X
i2G

siw 8 di þ
X
i2 $GG

$ssi $ww 8 di; ð3:1Þ

u ¼ bh 8 d1;1 þ
X
i2G

qiu 8 di þ
X
i2 $GG

$qqi $uu 8 di: ð3:2Þ

The functions w and u are FIS, with interpolation points located
uniformly over D0 as illustrated in Fig. 2, provided jsij51 and jqij51 for all
i 2 Z2 (this is necessary if w and u are to be continuous).

In order to construct w; $ww; u; and $uu with rotational symmetry about the
centroid of their support triangle, let

s0;0 ¼ s2;0 ¼ s0;2 :¼ s1; q0;0 ¼ q2;0 ¼ q0;2 :¼ q1;

s1;0 ¼ s0;1 ¼ s1;1 :¼ s2 and q1;0 ¼ q0;1 ¼ q1;1 :¼ q2;

$ss0;0 ¼ $ss1;0 ¼ $ss0;1 :¼ s3; $qq0;0 ¼ $qq1;0 ¼ $qq0;1 :¼ q3;

where jsij; jqij51 for i ¼ 1; 2; 3: Then the only free parameters will be the
scaling variables si; qi; and a and b; the values of the functions w and u at
the centroid of D0; respectively. Set a;b :¼ 1 for this construction.
Recall that hi ¼ hð� 	 eiÞjD0

; where i ¼ 0; 1; 2: Due to the rotational
invariance of both w and the set of hi’s, the six orthogonality conditions



FIG. 2. The domain points and scalings used in the example.
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needed to satisfy condition 4 of Theorem 2.1 reduce to just

ðI 	 P
*WW

W Þh0 ? ðI 	 PW
*WW
Þh1; ð3:3Þ

where W ¼ SðwÞ and *WW ¼ SðuÞ: Since

P
*WW

W h0 ¼
hh0; ui
hw; ui

w and PW
*WW
h1 ¼

hh1;wi
hw; ui

u;

then (3.3) reduces to

hh0; h1i ¼
hh0; uihh1;wi

hw; ui
: ð3:4Þ

Since hh0;wi ¼ hh1;wi ¼ hh2;wi and h0 þ h1 þ h2 ¼ 1 on D0; we
calculate hw; 1i using (3.1):

hw; 1i ¼hh 8 d1;1; 1i þ
X
i2G

sihw 8 di; 1i þ
X
i2 $GG

$ssih $ww 8 di; 1i

¼
hh; 1i

3ð3	
P3

i¼1 siÞ
:

Likewise, from (3.2)

hu; 1i ¼
hh; 1i

3ð3	
P3

i¼1 qiÞ
:
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Since hh; 1i ¼

ffiffi
3

p
2
; hh0;wi ¼ 1

3
hw; 1i; and hh1; ui ¼ 1

3
hu; 1i; then

hh0;wi ¼

ffiffiffi
3

p
18ð3	

P3
i¼1 siÞ

and hh1; ui ¼

ffiffiffi
3

p
18ð3	

P3
i¼1 qiÞ

: ð3:5Þ

Again, using both (3.1) and (3.2),

hw; ui ¼
hh; hi þ 3ðs2 þ s3Þhh0;wi þ 3ðq2 þ q3Þhh0; ui

3ð3	
P3

i¼1 siqiÞ
:

Since hh; hi ¼

ffiffi
3

p
4 ; then using (3.5),

hw; ui

¼
ffiffiffi
3

p
½3ð3	

P3
i¼1 siÞð3	

P3
i¼1 qiÞ þ 2ðs2 þ s3Þð3	

P3
i¼1 qiÞ þ 2ðq2 þ q3Þð3	

P3
i¼1 siÞ�

36ð3	
P3

i¼1 siÞð3	
P3

i¼1 qiÞð3	
P3

i¼1 siqiÞ
:

ð3:6Þ

Substituting (3.5), (3.6), and hh0; h1i ¼

ffiffi
3

p
48

into (3.4) and requiring that
(3.6) is nonzero provides the following necessary conditions on the si’s and
qi’s:

27s1 þ 9s2 þ 9s3 þ 27q1 þ 9q2 þ 9q3 	 25s1q1 	 3s1q2 	 3s1q3 	 3s2q1

	 13s2q2 þ 3s2q3 	 3s3q1 þ 3s3q2 	 13s3q3 	 33 ¼ 0; and ð3:7Þ

27	 9q1 	 3q2 	 3q3 	 9s1 þ 3q1s1 þ q2s1 þ q3s1 	 3s2 þ q1s2

	 q2s2 	 q3s2 	 3s3 þ q1s3 	 q2s3 	 q3s3=0: ð3:8Þ

By letting si :¼ 0 for i ¼ 1; 2; 3; w becomes piecewise linear and (3.7) and
(3.8) reduce to

3ð9q1 þ 3q2 þ 3q3 	 11Þ ¼ 0 and 3ð9	 3q1 	 q2 	 q3Þ=0: ð3:9Þ

Furthermore, by letting q ¼: qi for i ¼ 1; 2; 3; (3.9) reduces to 45q	 33 ¼ 0
and 27	 15q=0; with the solution q ¼ 11=15:

Define the scaling functions

f1 :¼ w;

f2 :¼ $ww;

f3 :¼ h	
X
i2H

hh; u 8 tii
hw; ui

w 8 ti 	
X
i2 $HH

hh; $uu 8 tii
hw; ui

$ww 8 ti;

*ff1 :¼
u

hw; ui
;



FIG. 3. Scaling functions f1 and f3 with si ¼ 0:
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*ff2 :¼
$uu

hw; ui
;

*ff3 :¼
1

a
h	

X
i2H

hh;w 8 tii
hw; ui

u 8 ti 	
X
i2 $HH

hh; $ww 8 tii
hw; ui

$uu 8 ti

" #
;

where H ¼ fð0; 0Þ; ð0;	1Þ; ð	1; 0Þg and $HH ¼ fð0;	1Þ; ð	1; 0Þ; ð	1;	1Þg; and

a :¼ 6 hh0; h0i 	
hh0;wihh0; ui

hw; ui

� �
:

Then F :¼ ðf1;f2;f3ÞT and *FF :¼ ð *ff1; *ff2; *ff3ÞT are biorthogonal scaling
vectors that generate the MRAs Vp ¼ SðFð3pðx; yÞÞÞ and *VVp ¼ Sð *FFð3pðx; yÞÞÞ:
Note that both V0 and *VV 0 contain piecewise linears on the triangulation T
and with si ¼ 0 for i ¼ 1; 2; 3; V0 is the set of piecewise linears on a uniform
subdivision of T: This set of scaling functions and their biorthogonal
counterparts with qi ¼ 11=15 for i ¼ 1; 2; 3 are illustrated in Figs. 3 and 4.

Notice that for any nonsingular linear map A; we may define the same set
of scaling functions on the lattice generated by Ae1 and Ae2; and the
functions will maintain their biorthogonality.

4. CONSTRUCTION OF ASSOCIATED MULTIWAVELETS

Let F and *FF be the scaling vectors constructed in Theorem 2.1 and let ðVpÞ
and ð *VVpÞ be the corresponding MRAs. Recall that supp fi; supp *ffi � D0 ¼
Dðe0; e1; e2Þ 2 T for i ¼ 1; . . . ; t and that supp fi; supp *ffi � r0 ¼ Dðe1; e2; e1
þe2Þ 2 T for i ¼ t þ 1; . . . ; 2t: First consider wavelets supported in D 2 T:



FIG. 4. Approximations to scaling functions *ff1 and *ff3 with qi ¼ 11=15:
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Consider the ðtN 2 þ ðN	1ÞÞðN	2Þ
2

Þ-dimensional spaces V1ðD0Þ and *VV1ðD0Þ; with
the bases consisting of t dilated scaling functions on each of the N2

subtriangles and ðN	1ÞÞðN	2Þ
2 dilated fq and *ffq:

Define the functions

gi :¼ P
*VV1ðD0Þ
V1ðD0Þ

ðfqð� 	 eiÞÞ and *ggi :¼ PV1ðD0Þ
*VV 1ðD0Þ

ð *ffqð� 	 eiÞÞ ð4:1Þ

for i ¼ 0; 1; 2: Then define the subspaces X of V1ðD0Þ and *XX of *VV1ðD0Þ by

X :¼ spanðfgi : i ¼ 0; 1; 2g [ ffi : i ¼ 1; . . . ; tgÞ and

*XX :¼ spanðf *ggi : i ¼ 0; 1; 2g [ f *ffi : i ¼ 1; . . . ; tgÞ:

Let B be a basis for the space ðI 	 P *XX
X ÞV1ðD0Þ and let *BB be a basis for the

space ðI 	 PX
*XX
Þ *VV1ðD0Þ: Note that the elements of B are orthogonal to *VV 0 and

the elements of *BB are orthogonal to V0 by definition. Also notice that due to
their support, the elements of both B and *BB are orthogonal to their own
translates.

A small lemma is needed before we proceed.

Lemma 4.1. B\ *BB? ¼ f0g:

Proof. Let W :¼ ffi : i ¼ 1; . . . ; tg and *WW :¼ f *ffi : i ¼ 1; . . . ; tg and
notice that, from the construction of the scaling functions, W and *WW are
biorthogonal sets. Consider c 2 B\ *BB?: Then suppðcÞ � D0 and c 2 PX

*XX
V1

ðD0Þ: Then c is a linear combination of elements in *XX orthogonal to X :
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Consider hc;fii; i ¼ 1; . . . ; t: Since f *ggi : i ¼ 0; 1; 2g ? W; c is a linear
combination of elements in *WW: But, by Lemma 1.1, *WW\W? ¼ 0; so
c ¼ 0: ]

Then from Lemmas 4.1 and 1.1, there exist dual biorthogonal bases for B
and *BB; denoted CD

f and *CCD
f ; respectively. Recall the notation $ff ¼ f 8 r;

where r is the affine transformation from r0 to D0 for f 2 L2ðr0Þ: Define
Cr

f :¼ f $cc :c 2 CD
f g and *CCr

f :¼ f $*cc*cc : *cc 2 *CCD
f g: Define Wf :¼ SðCD

f [Cr
f Þ �

W0 and *WW f :¼ Sð *CCD
f [ *CCr

f Þ � *WW 0: The spaces Wf and *WW f each have

2 tN 2 þ
ðN 	 1ÞðN 	 2Þ

2
	 ðt þ 3Þ

� �
¼ qðN2 	 1Þ 	 3N 	 3

generators.
Before proceeding, the following lemmas are needed.

Lemma 4.2. For gi and *ggi; i ¼ 0; 1; 2; as defined in (4.1), hgi; *ggji50 for

i=j:

Proof. Define zi :¼ fqð� 	 eiÞjD0
and *zzi :¼ *ffqð� 	 eiÞjD0

for i ¼ 0; 1; 2:
Recall that fq is the only scaling function with support larger that one
D 2 T: Notice that the zi are still linear and nonnegative on all edges of D0:

Consider hg0; *gg1i: Express both z0 and *zz1 in terms of basis functions for
V1jD0

and the *ggi:

z0 ¼ fq
8 d0;0jD0

þ
1

N

XN	1

i¼1

ðN 	 iÞfq
8 d0;ijD0

þ
1

N

XN	1

i¼1

ðN 	 iÞfq
8 di;0jD0

þ g0;

*zz1 ¼ *ffq
8 dN ;0jD0

þ
1

N

XN	1

i¼1

i *ffq
8 di;0jD0

þ
1

N

XN	1

i¼1

i *ffq
8 di;N	ijD0

þ *gg1:

Recall that fq is orthogonal to the translates of *ffq; even when restricted to
bounded domains, so the same will be true for fq

8 d0;0 and *ffq
8 d0;0:

Therefore, many of the terms of hg0; g1i will vanish:

hz0; *zz1i ¼
1

N 2

XN	1

i¼1

iðN 	 iÞhfq
8 di;0jD0

; *ffq
8 di;0jD0

i þ hg0; *gg1i:
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Since

hfq
8 di;0jD0

; *ffq
8 di;0jD0

i ¼Khfq
8 di;0;

*ffq
8 di;0i

¼
K
N2

hfq; *ffqi ¼
K
N 2

for some 05K51; then

hz0; *zz1i ¼
K
N4

XN	1

i¼1

iðN 	 iÞ þ hg0; *gg1i:

Using the identities

Xn
i¼1

i ¼
nðnþ 1Þ

2
and

Xn
i¼1

i2 ¼
nðnþ 1Þð2nþ 1Þ

6
;

then

hz0; *zz1i ¼
KðN 2 	 1Þ

6N 3
þ hg0; *gg1i: ð4:2Þ

Therefore, for N > 1;

hg0; *gg1i50:

It is easily verified that the same result holds for the remaining
hgi; *ggji; i=j: ]

Lemma 4.3. For gi and *ggi; i ¼ 0; 1; 2; as defined in (4.1), the sets fg0; g1;
g2g and f *gg0; *gg1; *gg2g are each linearly independent.

Proof. This proof hinges on the linear algebra result that for an
n-dimensional space A and a space B where A\ B ¼ f0g; then ðI 	 PBÞA is an
n-dimensional space. Recall the linear polynomials hi; i ¼ 0; 1; 2; supported
on D0; and define the 3-dimensional space H :¼ spanfh0; h1; h2g: Let
Hn :¼ PV1ðD0ÞH : Since H \ ðH 	 HnÞ ¼ f0g; then Hn ¼ ðI 	 ðI 	 PV1ðD0ÞÞÞH
is a 3-dimensional space.

Recall the space W used in the construction of fq: Since Hn \W ¼ f0g;
then

G :¼ spanfg0; g1; g2g ¼ ðI 	 PWÞHn

is a 3-dimensional space. An analogous proof holds for f *gg0; *gg1; *gg2g: ]
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Lemma 4.4. For gi and *ggi; i ¼ 0; 1; 2; as defined in (4.1), there exist si and

*ssi; i ¼ 0; 1; 2; such that

1. spanfs0; s1;s2g ¼ spanfg0; g1; g2g;
2. spanf *ss0; *ss1; *ss2g ¼ spanf *gg0; *gg1; *gg2g;
3. fs0;s1;s2g and f *ss0; *ss1; *ss2g are biorthogonal sets, and

4. si ? *ggi and *ssi ? gi for i ¼ 0; 1; 2:

Proof. Note that, from Lemmas 4.2 and 4.3, the sets G :¼ spanfg0; g1;
g2g and *GG :¼ spanf *gg0; *gg1; *gg2g are each 3-dimensional, but not biorthogonal.
Define the following biorthogonal bases for G and *GG:

v2 :¼ g0; *vv2 :¼ *gg0;

v0 :¼ g1 	
hg1; *vv2i
hv2; *vv2i

v2; *vv0 :¼ *gg1 	
h *gg1; v2i
hv2; *vv2i

*vv2;

v1 :¼ g2 	
hg2; *vv2i
hv2; *vv2i

v2 	
hg2; *vv0i
hv0; *vv0i

v0 and *vv1 :¼ *gg2 	
h *gg2; v2i
hv2; *vv2i

*vv2 	
h *gg2; v0i
hv0; *vv0i

*vv0:

Since each *vvi is easily replaced with its additive inverse, assume without loss
of generality that hvi; *vvii > 0:

Let ui :¼ vi and *uui :¼
*vvi

hvi ;*vvii
for i ¼ 0; 1; 2: Define the transformations T :

G ! R3 and *TT : *GG ! R3 by

T ðf Þ :¼ ðhf ; *uu0i;hf ; *uu1i; hf ; *uu2iÞ
T and *TTðf Þ :¼ ðhf ; u0i;hf ; u1i;hf ; u2iÞ

T

so that

T ðg0Þ ¼ ð0; 0;hg0; *uu2iÞ
T ; *TTð *gg0Þ ¼ ð0; 0; h *gg0; u2iÞ

T ;

T ðg1Þ ¼ ðhg1; *uu0i; 0; hg1; *uu2iÞ
T ; *TTð *gg1Þ ¼ ðh *gg1; u0i; 0;h *gg1; u2iÞ

T ;

T ðg2Þ ¼ ðhg2; *uu0i; hg2; *uu1i;hg2; *uu2iÞ
T and *TTð *gg2Þ ¼ ðh *gg2; u0i;h *gg2; u1i; h *gg2; u2iÞ

T :

Define o0 2 G and *oo0 2 *GG by T ðo0Þ :¼ ðcos y; sin y; 0ÞT and T ð *oo0Þ :¼
ðcos *yy; sin *yy; 0ÞT ; respectively, so that o0 ? *gg0 for all y and *oo0 ? g0 for all *yy:
Then define o1 2 G and *oo1 2 *GG by

T ðo1Þ :¼ T ð *oo0Þ � T ð *gg1Þ

¼ ðh *gg1; u2i sin *yy;	h *gg1; u2i cos *yy;	h *gg1; u0i sin *yyÞT and

T ð *oo1Þ :¼ T ðo0Þ � T ðg1Þ

¼ ðhg1; *uu2i sin y;	hg1; *uu2i cos y;	hg1; *uu0i sin yÞT
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so that o1 ? *oo0; o1 ? *gg1; *oo1 ? o0; and *oo1 ? g1: Also, define o2 2 G and
*oo2 2 *GG by

T ðo2Þ :¼ T ð *oo0Þ � T ð *gg2Þ

¼ ðh *gg2; u2i sin *yy;	h *gg2; u2i cos *yy;h *gg2; u1i cos *yy	 h *gg2; u0i sin *yyÞT and

T ð *oo2Þ :¼ T ðo0Þ � T ðg2Þ

¼ ðhg2; *uu2i sin y;	hg2; *uu2i cos y;hg2; *uu1i cos y	 hg2; *uu0i sin yÞT

so that o2 ? *oo0; o2 ? *gg2; *oo2 ? o0; and *oo2 ? g2: Then o1 ? *oo2 and *oo1 ?
o2 provided that there exist y and *yy such that hT ðo1Þ; T ð *oo2Þi ¼ 0 and
hT ð *oo1Þ; T ðo2Þi ¼ 0; that is,

ðh *gg1; u0ihg2; *uu0i þ h *gg1; u2ihg2; *uu2iÞ sin y sin *yyþ h *gg1; u2ihg2; *uu2i cos y cos *yy

	 h *gg1; u0ihg2; *uu1i sin *yy cos y ¼ 0; ð4:3Þ

ðhg1; *uu0ih *gg2; u0i þ hg1; *uu2ih *gg2; u2iÞ sin y sin *yyþ hg1; *uu2ih *gg2; u2i cos y cos *yy

	 hg1; *uu0ih *gg2; u1i sin y cos *yy ¼ 0; ð4:4Þ

respectively.
Let Ki;j :¼ 	hgi; *ggji > 0 for i=j from Lemma 4.2 and let Mi :¼ hgi; *ggii

and Vi :¼ hvi; *vvii for i ¼ 0; 1; 2: Note that K0;1 ¼ K1;2 ¼ K2;0 and K0;2 ¼
K1;0 ¼ K2;1 due to the rotational invariance of the inner product. Then

V2 ¼ M0; V0 ¼
M0M1 	 K0;1K0;2

M0

and

V1 ¼
M0M1M2 	 K0;1K0;2ðM0 þM1 þM2Þ 	 K3

0;1 	 K3
0;2

M0M1 	 K0;1K0;2
;

and so

hg1; *uu0i ¼ 1; h *gg1; u0i ¼ V0;

hg1; *uu2i ¼ 	
K0;2

V2
; h *gg1; u2i ¼ 	K0;1;

hg2; *uu0i ¼ 	
K2
0;1 þ V2K0;2

V0V2
; h *gg2; u0i ¼ 	

K2
0;2 þ V2K0;1

V2
;

hg2; *uu1i ¼ 1; h *gg2; u1i ¼ V1;

hg2; *uu2i ¼ 	
K0;1

V2
and h *gg2; u2i ¼ 	K0;2:
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Then Eqs. (4.3) and (4.4) reduce to

	K0;2V2 sin y sin *yyþ K2
0;1 cos y cos *yyþ V0V2 cos y sin *yy ¼ 0 and ð4:5Þ

	K0;1V2 sin y sin *yyþ K2
0;2 cos y cos *yyþ V1V2 sin *yy cos y ¼ 0; ð4:6Þ

respectively.
Solving (4.5) and (4.6) for y in terms of *yy yields the conditions

tan y ¼
K2
0;1 cos

*yy	 V0V2 sin *yy

K0;2V2 sin *yy
and tan y ¼

K2
0;2 cos

*yy

V2K0;1 sin *yyþ V1V2 cos *yy
; ð4:7Þ

respectively. Combining the two equations in (4.7) yields the single
condition

K0;1V0V2 tan2 *yyþ ðK3
0;2 	 K3

0;1 þ V0V1V2Þ tan *yy	 K2
0;1V1 ¼ 0;

a quadratic in tan *yy with real solutions.
Once y and *yy are found that satisfy (4.5) and (4.6), find the oi and

*ooi; i ¼ 0; 1; 2; by the inverse transformations T	1 : R3 ! G and *TT	1 : R3

! *GG defined by

T	1ðc0; c1; c2Þ ¼ c0u0 þ c1u1 þ c2u2 and

*TT	1ðc0; c1; c2Þ ¼ c0 *uu0 þ c1 *uu1 þ c2 *uu2:

As a final step, define si :¼ oi and *ssi :¼
*ooi

hoi; *ooii
for i ¼ 0; 1; 2: ]

This lemma shows that each gi is a linear combination of the two sj where
j=i; and likewise for the *ggi:

Consider the spaces

Y0 :¼ spanfs0; $ss1;f
q
8 dN	i;i : i ¼ 1; . . . ;N 	 1g and

*YY 0 :¼ spanf *ss0; $*ss*ss1; *ffq
8 dN	i;i : i ¼ 1; . . . ;N 	 1g:

Functions in Y0 will be orthogonal to *WWf and all translates of *ffi; i ¼
1; . . . ; q	 1 and *ffq except *ffq

8 t1;0 and
*ffq

8 t0;1: Likewise, functions in *YY 0 will
be orthogonal to Wf and all translates of fi; i ¼ 1; . . . ; q	 1; and fq except
fq

8 t1;0 and fq
8 t0;1: Define X0 :¼ P

*YY 0

Y0 V0 and *XX 0 :¼ PY0
*YY 0

*VV 0 to be two-
dimensional subspaces of Y0 and *YY 0; respectively. Let C0 and *CC0 be
biorthogonal bases for the ðN 	 1Þ-dimensional complements ðI 	 P

*XX 0

X0
ÞY0

and ðI 	 PX0

*XX 0
Þ *YY 0: The elements of C0 satisfy all existing orthogonality

conditions necessary to belong to the wavelet space W0; and likewise
for *CC0:
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The same construction can be used across the other two edges of D0 using
the spaces

Y1 :¼ spanfs2; $ss2 8 t0;	1;f
q
8 di;0 : i ¼ 1; . . . ;N 	 1g;

*YY 1 :¼ spanf *ss2; $*ss*ss2 8 t0;	1; *ffq
8 di;0 : i ¼ 1; . . . ;N 	 1g;

Y2 :¼ spanfs1; $ss0 8 t	1;0;f
q
8 d0;i : i ¼ 1; . . . ;N 	 1g and

*YY 2 :¼ spanf *ss1; $*ss*ss0 8 t	1;0; *ffq
8 d0;i : i ¼ 1; . . . ;N 	 1g

and analogous subspaces X1; *XX 1; X2; and *XX 2 to build biorthogonal pairs
C1 and *CC1 and also C2 and *CC2: Define Cg :¼ C0 [C1 [C2 and *CCg :¼
*CC0 [ *CC1 [ *CC2: The wavelets in Cg and their translates will be orthogonal to
the wavelets in *CCg and their translates due to the biorthogonality of the si
and *ssi: Define Wg :¼ SðCgÞ � W0 and *WWg :¼ Sð *CCgÞ � *WW 0: The spaces Wg

and *WW g each have 3ðN 	 1Þ generators.
Let D0; . . . ;D5 be the parallelogram-shaped regions of R2 defined in

Fig. 5. Define

ni :¼ P
*VV 1ðDiÞ
V1ðDiÞ

fq and *nni :¼ PV1ðDiÞ
*VV1ðDiÞ

*ffq

for i ¼ 0; . . . ; 5 and consider for the moment n0: Notice that n0 meets several
orthogonality conditions required of wavelets in W0 : n0 ? *ffj for j ¼ 1; . . . ;
q	1
2
; n0 ? ð *ffj

8 t	1;0Þ for j ¼
qþ1
2
; . . . ; q	 1; n0 ? ð *ffq

8 t0;1Þ; and n0 is perpen-
dicular to *WWf : Also, n0 is perpendicular to generators of *WWg that are built
across the edges ðe0; e2Þ; ðe1; e2Þ; and ðe2; e2 	 e1Þ: Similar results can be
found for the other ni and *nni: The goal is to alter the ni and *nni in such a way
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that these orthogonalities are maintained, while achieving the other
necessary orthogonalities.

Define

mi :¼ ðI 	 P
*WW gðDiÞ

WgðDiÞ
Þni þ cif

q
8 d0;0 and *mmi :¼ ðI 	 PWgðDiÞ

*WW gðDiÞ
Þ*nni þ *cci *ffq

8 d0;0

for i ¼ 0; . . . ; 5; where nonzero ci and *cci satisfy hmi; *ff
qi ¼ 0 and h *mmi;f

qi ¼
0; respectively. From Lemma 4.4, there exist biorthogonal sets S ¼ fs0;
s1;s2g and *SS ¼ f *ss0; *ss1; *ss2g such that spanðSÞ ¼ spanfg0; g1; g2g; spanð *SSÞ ¼
spanf *gg0; *gg1; *gg2g; and sj ? *ggj and *ssj ? gj for j ¼ 0; 1; 2: Then

m0 :¼ n0 	 hn0; *ss2is2 	 hn0; *ss1 8 t	1;0i $ss1 8 t	1;0 þ c0f
q
8 d0;0

¼ c0f
q
8 d0;0 þ hg0; *ss1is1 þ hg2; *ss0i $ss0 þ

1

N

XN	1

j¼1

ðN 	 jÞfq
8 d0;j and

ð4:8Þ

*mm1 :¼ *nn1 	 h*nn1;s1i *ss1 	 h*nn1;s1 8 t0;	1i $*ss*ss1 8 t0;	1 þ *cc1 *ffq
8 d0;0

¼ *cc1 *ffq
8 d0;0 þ h *gg0;s2i *ss2 þ h *gg0;s2i $*ss*ss2 8 t0;	1 þ

1

N

XN	1

j¼1

ðN 	 jÞ *ffr
8 dj;0:

ð4:9Þ

Notice that the mi and *mmi maintain the orthogonalities of the ni and *nni: Also,
by definition, mi ? *ffq; *mmi ? fq; mi ? *WWg; and *mmi ? Wg: Finally, note from
(4.8) and (4.9)

hm0 8 t1;	1; *mm1i ¼ hg2; *ss0ih *gg0;s2ih $ss0; $*ss*ss2i ¼ 0 and

hm0; *mm1i ¼ c0 *cc1 þ hg0; *ss1ih *gg0;s2ihs1; *ss2i ¼ c0 *cc1=0:

Also, it is trivially established that ðm0 8 t1;0Þ ? *mm1 and ðm0 8 t0;1Þ ? *mm1:
Similarly, it is established that the mi and *mmi satisfy the condition mi ?
ð *mmj 8 tm;nÞ for m; n=0; i; j ¼ 0; . . . ; 5; i=j; and that the sets fmig and f *mmig
satisfy Lemma 1.1. Let Ch and *CCh be biorthogonal bases for spanfmi : i ¼
0; . . . ; 5g and spanf *mmi : i ¼ 0; . . . ; 5g; respectively. Define Wh :¼ SðChÞ � W0

and *WW h :¼ Sð *CChÞ � *WW 0:
Before establishing that all the wavelets necessary to ‘‘build’’ V1 and *VV1

have been found, a lemma is needed.

Lemma 4.5. For gi and *ggi; i ¼ 0; 1; 2; as defined in (4.1), gi 2 V0 þ Wg þ
Wh and *ggi 2 *VV 0 þ *WWg þ *WW h for i ¼ 0; 1; 2:

Proof. By Lemma 4.4, it suffices to show that si 2 V0 þ Wg þ Wh and
*ssi 2 *VV 0 þ *WWg þ *WW h for i ¼ 0; 1; 2: Recall the space Y0 is spanned by
s1; $ss0 8 t	1;0; and the functions fq

8 d0;i; i ¼ 1; . . . ;N 	 1; and, likewise, *YY

0 is spanned by *ss1; $*ss*ss0 8 t	1;0; and the functions *ffq
8 d0;i; i ¼ 1; . . . ;N 	 1:
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Recall that X0 is the span of P
*YY 0

Y0 fq and P
*YY 0

Y0 ðfq
8 t0;1Þ and likewise, *XX 0 is the

span of PY0
*YY 0

*ffq and PY0
*YY 0
ð *ffq

8 t0;1Þ: By definition, s1 2 Y0 and ðI 	 P
*XX 0

X0
ÞY0 � Wg:

It suffices to show that X0 � V0 þ Wh:
It is tediously verified that

c0ðf
q 	 m1 	 m2 	 m3 	 m4 	 m5Þ 	 ð1	 c1 	 c2 	 c3 	 c4 	 c5Þm0

¼ c0hg0; *ss1is1 þ c0hg2; *ss0i $ss0 8 t	1;0 þ
c0
N

XN	1

i¼1

ðN 	 iÞfq
8 d0;i

þ ðc1 þ c2 þ c3 þ c4 þ c5 	 1Þhg0; *ss1is1

þ ðc1 þ c2 þ c3 þ c4 þ c5 	 1Þhg2; *ss0i $ss0 8 t	1;0

þ
c1 þ c2 þ c3 þ c4 þ c5 	 1

N

� �XN	1

i¼1

ðN 	 iÞfq
8 d0;i

¼ ðc0 þ c1 þ c2 þ c3 þ c4 þ c5 	 1Þ hg0; *ss1is1½

þ hg2; *ss0i $ss0 8 t	1;0 þ
1

N

XN	1

i¼1

ðN 	 iÞfq
8 d0;i

#

¼ ðc0 þ c1 þ c2 þ c3 þ c4 þ c5 	 1ÞP
*YY 0

Y0 fq:

Likewise,

c3ðf
q 	 m0 	 m1 	 m2 	 m4 	 m5Þ 	 ð1	 c0 	 c1 	 c2 	 c4 	 c5Þm3 8 t0;1

¼ ðc0 þ c1 þ c2 þ c3 þ c4 þ c5 	 1ÞP
*YY 0

Y0 ðfq
8 t0;1Þ:

Thus, X0 � V0 þ Wh and s1 2 V0 þ Wg þ Wh: Analogous arguments establish
s0;s2 2 V0 þ Wg þ Wh and *ssi 2 *VV 0 þ *WW g þ *WW h: ]

Theorem 4.6. Let ðVpÞ and ð *VVpÞ be biorthogonal MRA of multiplicity r in

R2 constructed from Theorem 2.1. Define Wf ; *WWf ; Wg; *WWg; Wh; and *WW h as

above. Then V1 ¼ V0 þ W0 and *VV1 ¼ *VV0 þ *WW 0 where W0 ¼ Wf þ Wg þ Wh;
*WW 0 ¼ *WWf þ *WW g þ *WW h; and W0 and *WW 0 each have qðN 2 	 1Þ generators.

Proof. Define W :¼ Wf þ Wg þ Wh; *WW :¼ *WWf þ *WW g þ *WW h; V :¼ V1ðD0Þ;
and *VV :¼ *VV 1ðD0Þ: Certainly, V1 � V0 þ W by nature of the wavelet
constructions. At issue is whether V1 � V0 þ W :

For N > 2; generators fi
8 d0;0; i ¼ 1; . . . ; q	 1 of V1 can be found in the

space V : Notice that

dim V ¼ tN 2 þ
ðN 	 1ÞðN 	 2Þ

2
;
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where t ¼ q	1
2
: The scaling functions and the definitions of Wf ; *WW f ; Wg and

*WW g; along with Lemma 4.5, provide biorthogonal bases

ff1; . . . ;ftg [Cf [ fs0; s1; s2g and f *ff1; . . . ; *fftg [ *CCf [ f *ss0; *ss1; *ss2g

of V and *VV ; each with cardinality

t þ tN 2 þ
ðN 	 1ÞðN 	 2Þ

2
	 t 	 3

� �
þ 3 ¼ tN 2 þ

ðN 	 1ÞðN 	 2Þ
2

:

Since the linear systems have full rank, each f 2 V is a linear combination of
elements of V0 þ W and each *ff 2 *VV is a linear combination of elements of
*VV 0 þ *WW : Thus, fi

8 d0;0 2 V0 þ W and *ffi
8 d0;0 2 *VV0 þ *WW for i ¼ 1; . . . ;

q	 1:
Also notice that

fq 	
X5
i¼0

mi ¼ 1	
X5
i¼0

ci

 !
fq

8 d0;0:

Thus, V1 � V0 þ Wf þ Wg þ Wh and W ¼ W0: The analogous results hold for
*WW : The number of generators is the sum of the generators for Wf ; Wg; and
Wh:

ðqðN2 	 1Þ 	 3N 	 3Þ þ ð3ðN 	 1ÞÞ þ 6 ¼ qðN2 	 1Þ: ]

Corollary 4.7. Let ðVpÞ and ð *VVpÞ be biorthogonal MRA of multiplicity

q in R2 constructed from Theorem 2.1. Define Wf ; *WWf ; Wg; and *WWg as above.

Let D be the hexagonal support of fq; and let X :¼ ðV0 þ Wf þ WgÞðDÞ and
*XX :¼ ð *VV 0 þ *WWf þ *WWgÞðDÞ: Then Wh and *WW h are generated by biorthogonal

bases for P *XX
X V1ðDÞ and PX

*XX
*VV 1ðDÞ:

While the definitions of Wh and *WW h provide an explicit construction,
Corollary 4.7 says that after finding the generators of Wf ; *WW f ; Wg and *WW g;
the generators of Wh are whatever is left in V1 with the support of fq; and
likewise for *WW h:

5. WAVELETS FOR SCALING FUNCTIONS IN SECTION 3

By Theorem 4.6, W0 and *WW0 will each have 3ð32 	 1Þ ¼ 24 generators. Let
D0 be the overlap domain with vertices at ð0; 0Þ; e1; e2; and e2 	 e1 and let Di

be clockwise rotation of D0 about the origin by
p
3
i for i ¼ 1; . . . ; 5; as in

Fig. 5.



FIG. 6. Wavelets c1 through c6:
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5.1. Wavelets in Wf and *WWf

By definition, Wf and *WWf each have 12 generators, 6 supported on D0 and
6 supported on r0: Define the 10-dimensional spaces V :¼ V1ðD0Þ and
*VV :¼ *VV 1ðD0Þ; and the 4-dimensional spaces

X :¼ P
*VV
V ðspanff1;f3;f3

8 t1;0;f
3
8 t0;1gÞ and

*XX :¼ PV
*VV
ðspanf *ff1; *ff3; *ff3

8 t1;0;
*ff3

8 t0;1gÞ:

The ci; i ¼ 1; . . . ; 6; illustrated in Fig. 6, were chosen as a spanning set for
ðI 	 P *XX

X ÞV that met some symmetry conditions. The associated *cci; illustrated

in Fig. 7, were chosen so that *cci 2 kerðspanfcj : j=ig [ X Þ and hci; *ccii > 0

for i ¼ 1; . . . ; 6: Each of the above is ‘‘normalized’’ by the factor

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hci; *ccii

q
:

These wavelets reflected onto r0 will span Wf jwr0
and *WW f jwr0

: Define

ciþ6 :¼ ci
8 r 8 t	1;0 and *cciþ6 :¼ *cci

8 r 8 t	1;0

for i ¼ 1; . . . ; 6:

5.2. Wavelets in Wg and *WW g

By definition, Wg and *WWg each have 6 generators. Following the
construction in the proof of Lemma 4.4, biorthogonal sets fs0;s1;s2g and
f *ss0; *ss1; *ss2g can be found such that si ? *ggi and *ssi ? gi; i ¼ 0; 1; 2: Then,
following the construction in Section 3, functions in Wg with support on
the parallelogram ðe0; e1; e2; e2 	 e1Þ will be linear combinations of



FIG. 7. Wavelets *cc1 through *cc6:
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s1; $ss0 8 t	1;0; f3
8 d0;1; and f3

8 d0;2: These functions are orthogonal to all
translates of f1; f2; and ci for i ¼ 1; . . . ; 12: Also, s2 ? f3

8 t1;0 and
$ss0 8 t	1;0 ? f3

8 t	1;1: Only four other orthogonality conditions must be met.
It is possible to construct symmetric–antisymmetric pairs of wavelets.

Define

n1 :¼ s1 þ $ss0 8 t	1;0 þ c1f
3
8 d0;1 þ c2f

3
8 d0;2;

and solve the system of equations

hn1; *ff3i ¼ 0;

hn1; *ff3
8 t0;1i ¼ 0

(

for c1 and c2: Likewise, define

*nn1 :¼ *ss1 þ $*ss*ss0 8 t	1;0 þ *cc1 *ff3
8 d0;1 þ *cc2 *ff3

8 d0;2;

and solve the system of equations

h*nn1;f
3i ¼ 0;

h*nn1;f
3
8 t0;1i ¼ 0

(
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for *cc1 and *cc2: If hn1; *nn1i50; then change *nn1 to its additive inverse. Also,
define n2 and *nn2 by

n2 :¼ s1 	 $ss0 8 t	1;0 and *nn2 :¼ *ss1 	 $*ss*ss0 8 t	1;0:

Then n1 ? *nn2 and *nn1 ? n2 by nature of their symmetry properties.
The remaining wavelets generating Wg are merely 2p=3 rotations of n1 and

n2 about e0; denoted as %tt: Define

o13 :¼ n1; *oo13 :¼ *nn1;

o14 :¼ n2; *oo14 :¼ *nn2;

o15 :¼ n1 8 %tt; *oo15 :¼ *nn1 8 %tt;

o16 :¼ n2 8 %tt; o16 :¼ *nn2 8 %tt;

o17 :¼ n1 8 %tt 8 %tt; *oo17 :¼ *nn1 8 %tt 8 %tt;

o18 :¼ n2 8 %tt 8 %tt and *oo18 :¼ *nn2 8 %tt 8 %tt:

Normalize by defining ci :¼ oi=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hoi; *ooii

p
and *cci :¼ oi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hoi; *ooii

p
for i ¼

13; . . . ; 18: Wavelets c13; c14; *cc13; and *cc14 are illustrated in
Fig. 8.

5.3. Wavelets in Wh and *WW h

By definition, Wh has 6 generators. Following the construction in Section
3, construct mi and *mmi; i ¼ 0; . . . ; 5 that span Wh and *WWh; respectively. It can
be verified that c0 ¼ c2 ¼ c4; c1 ¼ c3 ¼ c5; *cc0 ¼ *cc2 ¼ *cc4; and *cc1 ¼ *cc3 ¼ *cc5
due to the rotational invariance of both the gi and *ggi: To construct
biorthogonal sets with some symmetric properties, first define the
following:

g1 :¼
X5
i¼0

mi; *gg1 :¼
X5
i¼0

*mmi;

g2 :¼
X5
i¼0

ð	1Þimi; *gg2 :¼
X5
i¼0

ð	1Þi *mmi;

g3 :¼ m0 	 m2; *gg3 :¼ *mm0 	 *mm2:

g4 :¼ m1 	 m3; *gg4 :¼ *mm1 	 *mm3;

g5 :¼ m0 þ m2; *gg5 :¼ *mm0 þ *mm2;

g6 :¼ m1 þ m3; *gg6 :¼ *mm1 þ *mm3

Then construct the biorthogonal sets fo1; . . . ;o6g and f *oo1; . . . ; *oo6g using
the biorthogonal Gram–Schmidt process so that hoi;oii > 0; i ¼ 1; . . . ; 6:



FIG. 8. Wavelets c13; c14; *cc13; and c14:

FIG. 9. Wavelets c19 through c24:
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FIG. 10. Wavelets *cc19 through *cc24:
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Define ciþ18 :¼ oiffiffiffiffiffiffiffiffiffiffi
hoi ;oi

p
i
and *cciþ18 :¼ *ooiffiffiffiffiffiffiffiffiffiffiffiffi

hoi ;oii
p for i ¼ 1; . . . ; 6: These wave-

lets are illustrated in Figs. 9 and 10, respectively. The sets Sðfci : i ¼
1; . . . ; 24gÞ and Sðf *cci : i ¼ 1; . . . ; 24gÞ form biorthogonal bases for W0 and
*WW 0:
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